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INTRODUCTION
Tilted algebras, that is, endomorphism algebras of tilting modules over a
hereditary algebra, have been one of the main objects of research in the
representation theory of algebras since their introduction by Happel and
w xRingel 8 . As a generalization, Happel, Reiten, and Smalù studied endo-
morphism algebras of tilting objects of a hereditary abelian category which
w xthey call quasi-tilted algebras 7 . We are concerned with the problem of
characterizing these algebras in terms of bound quivers. In our previous
w xpaper 10 , we found some simple combinatorial criteria to determine if a
string algebra is quasi-tilted, tilted, or neither. In this paper, we shall
consider the same problem for special biserial algebras which are not
string algebras. The special biserial algebras, introduced by SkowronskiÂ
w x w xand Waschbusch 16 as a special case of biserial algebras 3 , and tracedÈ
back to the work of Gelfand and Ponomarev on the indecomposable
w xrepresentations of the Lorentz group 5 , play an important role in the
Ž w x.modular representation theory of finite groups see, for example, 11, 13 .
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We observe that a special biserial algebra which is not a string algebra is
tilted if and only if it is quasi-tilted. The latter is characterized by some
w xhomological properties of the indecomposable modules 7 . Thus our
strategy is to study the combinatorial interpretation of some behaviour of
the homological dimensions of the indecomposable modules. This enables
us to find first a combinatorial characterization of the special biserial
Ž .algebras of global dimension at most two see 3.4 , and then to reach our
main result; that is, some simple necessary and sufficient conditions for a
Ž .special biserial algebra to be tilted see 4.4 . As one of the applications,
this allows one to construct a large class of new examples of tilted
algebras. Moreover our technique could be used to study other problems
concerning special biserial algebras or be generalized to compute the
homological dimensions of some indecomposable modules over other
classes of algebras.
1. PRELIMINARIES
Throughout this paper, denote by A a basic finite-dimensional algebra
over an algebraically closed field k. It is then well known that A ( kQrI
Ž . w xwith Q, I a finite bound quiver 6 . In this paper we shall identify the
Ž .category mod A of the finite-dimensional over k right A-modules with
Ž .the category of the finite-dimensional representations of Q, I over k. We
shall consider only the special biserial algebras.
w x1.1. DEFINITION 1, 16 . An algebra A is called special biserial if
Ž .A ( kQrI with Q, I a bound quiver satisfying the following:
Ž .1 Each vertex of Q is start-point or end-point of at most two
arrows.
Ž .2 For an arrow a , there is at most one arrow b such that ab f I
and at most one arrow g such that ga f I.
Moreover A is called a string algebra if, in addition, I is generated by a
set of paths of Q.
Ž .Let Q, I be a bound quiver. A path p of Q is called a zero path if
Ž .p g I. A zero path is called a zero-relation of Q, I if none of its proper
Ž .subpaths is a zero path. Moreover a pair p, q of non-zero paths p, q
Ž .from a vertex a to a vertex b is called a binomial relation of Q, I if
l p q mq g I for some non-zero coefficients l, m. We call a the start-point,
Ž .b the end-point, and p, q the maximal subpaths of p, q .
In our later use, by saying that A ( kQrI is a special biserial algebra
Ž .we mean that the bound quiver Q, I satisfies the conditions as stated in
the above definition. In this case, any minimal set of generators of I
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consists of zero-relations and binomial relations. However in our terminol-
ogy, some zero-relations may not belong to any minimal set of generators
of I.
We now fix more notation and terminology which will be used through-
out this paper. Let Q be a finite quiver. For an arrow a of Q, denote by
Ž . Ž . y1s a its start-point, by e a its end-point, and by a its formal inverse
Ž y1 . Ž . Ž y1 . Ž .with start-point s a s e a and end-point e a s s a , and write
Ž y1 .y1a s a . A walk of positive length n is a sequence w s c ??? c with1 n
Ž . Ž .c an arrow or the inverse of an arrow such that s c s e c fori iq1 i
1 F i - n. We call c the initial edge of w and c the terminal edge.1 n
Ž . Ž . Ž . Ž .Moreover, we define s w s s c and e w s e c . Finally we define1 n
wy1 s cy1 ??? cy1. A tri¤ial walk at a vertex a is the trivial path « withn 1 a
Ž . Ž .e « s s « , its inverse is itself. A walk w is called reduced if either w isa a
trivial or w s c ??? c such that c / cy1 for all 1 F i - n. For conve-1 n iq1 i
nience, we shall add some appropriate trivial paths in the expression of a
walk. For example, if a : a “ b is an arrow, we may write a s « a s a«y1.a b
Note, however, that aay1 and « are two distinct walks. A nontriviala
Ž . Ž .reduced walk w s c ??? c is called a reduced cycle if s w s e w and1 n
c / cy1. Another reduced cycle w is said to be equi¤alent to w if w orn 1 1 1
wy1 is of the form c ??? c c ??? c for some 1 F i F n.1 i n 1 iy1
Let w s c ??? c be a nontrivial reduced walk in Q. We say that a1 n
nontrivial path p of Q is contained in w if there are some 1 F i F j F n
such that p s c ??? c or py1 s c ??? c . Let q be another path containedi j i j
in w such that q or qy1 is equal to c ??? c for some 1 F r F s F n. Wer s
say that p, q point to the same direction in w if p s c ??? c , q s c ??? c ,i j r s
or py1 s c ??? c , qy1 s c ??? c ; otherwise, p, q point to opposite direc-i j r s
tions in w.
1.2. DEFINITION. Let A s kQrI be a special biserial algebra. A re-
duced walk w in Q is called a string if each path contained in w is neither
Ž .a zero-relation nor a maximal subpath of a binomial relation of Q, I .
EXAMPLE. Consider the special biserial algebra given by the quiver
bound by the relations ba y dg , dm, and rg . Then rmcy1fy1rdy1b is a
string while by1dmcy1 and bagy1m are not strings.
Ž .Let A s kQrI be a special biserial algebra. Let w be a string in Q, I .
Ž .Throughout this paper we shall denote by M w the string module deter-
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Ž .mined by w. Recall that if w is the trivial path at a vertex a, then M w is
the simple module at a. Otherwise w s c c ??? c , where n G 1 and c or1 2 n i
cy1 is an arrow. For 1 F i F n q 1, let U s k; and for 1 F i F n, denotei i
by U the identity map sending x g U to x g U if c is an arrow and,c i iq1 ii
otherwise, the identity map sending x g U to x g U . For a vertex a, ifiq1 i
Ž .a appears in w, then M w is the direct sum of the spaces U with i sucha i
Ž . Ž . Ž .that s c s a or i s n q 1 and e c s a; otherwise M w s 0. For ani n a
Ž .arrow a , if a appears in w, then M w is the direct sum of the maps Ua ciy1 Ž .such that c s a or c s a ; otherwise M w is the zero map.i i a
Ž .One says that a string w in Q, I starts or ends in a deep if there is no
arrow g such that gy1 w or wg is a string, respectively; and it starts or ends
on a peak if there is no arrow d such that d w or wdy1 is a string,
Ž .respectively. For a vertex a of Q, we denote throughout this paper by S a ,
Ž . Ž .P a , and I a the simple module, the indecomposable projective module,
Ž .and the indecomposable injective module at a, respectively. Then S a s
Ž .M « with « the trivial path at a. If a is not the start-point of a binomiala a
Ž . Ž y1 .relation, then P a s M u ¤ , where u, ¤ are paths of nonnegative
length starting with a such that uy1 ¤ is a string starting and ending in a
deep. Dually, if a is not the end-point of a binomial relation, then
Ž . Ž y1 .I a s M pq , where p, q are paths of nonnegative length ending with a
such that pqy1 is a string starting and ending on a peak. Finally if a is the
Ž .start-point of a binomial relation whose end-point is b, then P a is
Ž .isomorphic to I b , and hence it is projective]injective.
1.3. DEFINITION. Let A s kQrI be a special biserial algebra. A non-
trivial reduced cycle of Q is called a band if each of its powers is a string
and it is not a power of a string of less length.
Let A s kQrI be a special biserial algebra. Let w s c c ??? c be a1 2 n
Ž . y1 Ž .band in Q, I , where n G 1 and c or c is an arrow such that s c si i 1
Ž .e c . Let f be an indecomposable automorphism of a k-vector space V.n
Ž .One defines a band module N s N w, f determined by w and f as
follows:
For 1 F i F n, define V s V. For 1 F i - n, let f be the identity mapi c i
from V to V if c is an arrow; and otherwise the identity map from Vi iq1 i iq1
Ž .to V , and let f be the map sending x g V to f x g V if c is ani c n 1 nn y1Ž .arrow; and otherwise the map sending x g V to f x g V . For each1 n
vertex a of Q, if a appears in w, then N is the direct sum of the spaces Va i
Ž .such that s c s a, and otherwise N is the zero-space. For each arrow a ,i a
if a appears in w, then N is the direct sum of the maps f such thata ci
c s a or c s ay1 ; and otherwise N is the zero-map.i i a
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The indecomposable modules and the almost split sequences over a
special biserial algebra are completely described by Wald and WaschbuschÈ
w x Ž w x.in 17 see also 1, 16 . We quote what is needed for our purpose as
follows.
w x1.4 THEOREM 17 . Let A s kQrI be a special biserial algebra. Then
Ž .1 An indecomposable module in mod A is a string module, a band
module or a projecti¤e]injecti¤e module corresponding to a binomial relation.
Ž .2 Each band module o¤er A is in¤ariant under the Auslander]Reiten
translation.
w xIt follows from a result of Skowronski 15 that a special biserial algebraÂ
is of directed representation type if and only if there is no special family of
local modules. However, his combinatorial interpretation of the existence
of a special family of local modules does not seem completely correct. We
shall give a combinatorial reformulation of this result. In order to do so,
we need the following concept.
1.5. DEFINITION. Let A s kQrI be a special biserial algebra, and let
w s c ??? c be a reduced cycle of Q, where c or cy1 is an arrow a for1 n i i i
Ž .1 F i F n. Let p , . . . , p s G 0 be the paths contained in w which are1 s
Ž .either zero-relations or maximal subpaths of binomial relations of Q, I .
Ž . Ž .We say that w and a reduced cycle equivalent to w is clockwise in Q, I
if a , a , p , . . . , p all point to the same direction in w.1 n 1 s
1.6. THEOREM. Let A s kQrI be a special biserial algebra. Then A is of
Ž .directed representation type if and only if Q, I admits no clockwise cycle.
Proof. Let I be the ideal of kQ generated by the zero-relations and
Ž .the maximal subpaths of the binomial relations of Q, I . Then A s kQrI
is a string algebra. It is easy to see that a reduced walk of Q is a string or a
Ž . Ž .band in Q, I if and only if it is a string or a band in Q, I , respectively.
Therefore an indecomposable module M in mod A is a string or a band
module over A if and only if it is a string or a band module over A,
respectively. This implies that A is of finite representation type if and only
w xif so is A. It now follows from a result of de la Pena 14 that A is ofÄ
directed representation type if and only if there is no clockwise cycle in
Ž . Ž .Q, I . Clearly a reduced cycle of Q is clockwise in Q, I if and only if it is
Ž .clockwise in Q, I . Therefore it suffices to show that A is of directed
representation type if and only if so is A. First, that A is not of directed
representation type implies, trivially, that A is not either. Assume now
that A is not of directed representation type. If A is of infinite represen-
tation type, then so is A. Thus A is not of directed representation type
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w x15 . Suppose that A is of finite representation type. Then there is no band
module in mod A and there is a cycle
f f1 r6 6) M M “ ??? “ M M s MŽ . 0 1 ry1 r 0
in mod A, where the M are indecomposable modules and the f arei i
irreducible maps. Then r ) 1 and M \ M for all 1 F i F r. Note thatiy1 i
each M with 0 F i F r is either a string module or a projective-injectivei
Ž .module corresponding to a binomial relation of Q, I . Let s with 0 F s F r
be such that M is not a string module. We may assume that 0 - s - r.s
Thus M is the radical of M and M is the socle-factor of M . Bysy1 s sq1 s
computing the dimensions, we conclude that there are irreducibles maps
g : M “ N and g : N “ M with N indecomposable and N \sy1 sy1 s s s sq1 s s
M . Note, then, that N is not projective]injective, and hence N is a strings s s
module. Replacing f by g for s y 1 F i F s, we obtain a cycle in mod Ai i
containing a fewer number of nonstring modules. Therefore we may
Ž . Ž .assume that ) contains only string modules. This implies that ) is a
cycle in mod A. The proof is completed.
2. PROJECTIVE AND INJECTIVE DIMENSIONS
In this section, we shall study the combinatorial interpretation of some
behaviour of the projective and injective dimensions of the indecompos-
able modules over a special biserial algebra. To begin with, we state some
elementary properties of special biserial algebras, which will be used
extensively in our later proofs.
2.1. LEMMA. Let A s kQrI be a special biserial algebra. Then the follow-
ing statements and their duals hold:
Ž . Ž .1 Any proper subpath of a nonzero path of Q, I is a string.
Ž . Ž . Ž . Ž .2 Let u, ¤ and p be nontri¤ial nonzero paths with s u s s ¤ s e p .
If p¤ is a nonzero path, then pu is a zero path.
Ž . Ž .3 If p is a nonzero path such that s p is the start-point of a binomial
Ž .relation of Q, I , then p is contained in this binomial relation.
Ž . Ž . Ž .4 Let p, q be a binomial relation of Q, I . If u is a nontri¤ial path
Ž . Ž .with e u s s p , then up and uq are both zero paths.
We skip the proof of the above lemma since it is simply a routine
verification of the definition of a special biserial algebra.
We shall now find some sufficient conditions for a string module to be
of projective dimension greater than one. Note that each reduced walk w
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in a quiver can be uniquely written as w s py1q ??? py1q , where n G 1,1 1 n n
and the p and the q are paths which are nontrivial for 1 - i F n,i j
1 F j - n.
2.2. LEMMA. Let A s kQrI be a special biserial algebra. Let
w s py1q ??? py1q1 1 n n
Ž .be a string in Q, I , where n G 1, and the p and the q are paths which arei j
Ž . Ž .nontri¤ial for 1 - i F n, 1 F j - n. Assume that some s p 1 F r F n isr
Ž .the start-point of a binomial relation p u , q ¤ , where u , ¤ are nontri¤ialr r r r r r
paths and u is of length greater than one if r s 1 and ¤ is of length greaterr r
Ž .than one if r s n. Then the projecti¤e dimension of the string module M w is
greater than one.
Ž . Ž . Ž .Proof. Let a s s p , b s e p for 1 F i F n and let b s e q .i i i i nq1 n
Ž . n Ž .Clearly the projective cover of M w is [ P a . Let K be the kernel ofiis1
n Ž . Ž .the canonical epimorphism from [ P a to M w . It suffices to showiis1
that K is not projective.
Let s F r F t be such that a is the start-point of a binomial relation fori
all s F i F t and such that t y s is maximal with respect to this property.
Ž .For each s F i F t, let u and ¤ be paths such that p u , q ¤ is ai i i i i i
binomial relation. Note that the u and the ¤ are nontrivial since w is ai i
string. If s ) 1, then let ¤ be the path such that q ¤ is a stringsy1 sy1 sy1
ending in a deep and otherwise let ¤ be the trivial path at b . Similarly if0 1
t - n, let u be the path such that p u is a string ending in a deeptq1 tq1 tq1
and otherwise let u be the trivial path at b .nq1 nq1
Suppose first that r s 1. Then u is of length greater than one by1
hypothesis. Let u s a u with a an arrow and u a nontrivial path. If1
n s 1, then ¤ is also a length greater than one by hypothesis, and hence1
¤ s b ¤ with b an arrow ¤ a nontrivial path. Now u¤y1 is a string such1
Ž y1 .that K s M u¤ , which is not projective since u, ¤ are nontrivial. If
n ) 1, then
w s u¤y1 u ??? u ¤y1 u1 1 2 t t tq1
Ž . Ž .is a string such that M w is a direct summand of K. Note that M w is1 1
not projective since u, ¤ are nontrivial. Hence K is not either. A symmet-1
ric argument shows that K is not projective if r s n.
Suppose now that 1 - r - n. Then it is easy to see that
w s ¤y1 u ¤y1 ??? u ¤y1 ??? u ¤y1 u2 sy1 s 2 r r t t tq1
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Ž . Ž .is a string such that M w is a direct summand of K. Note that M w is2 2
not projective since u , ¤ are nontrivial, and hence K is not either. Thisr r
completes the proof.
2.3. LEMMA. Let A s kQrI be a special biserial algebra. Let
w s py1q ??? py1q1 1 n n
Ž .be a string in Q, I , where n G 1, and the p and the q are paths which arei j
nontri¤ial for 1 - i F n, 1 F j - n. Assume that there is a path q with initial
arrow a such that wa is a string and q q admits exactly one zero-relation, andr
Ž .the zero-relation contains q. Then the projecti¤e dimension of M w is greater
than one.
Proof. First note that q is of length greater than one. Write q s a ub
with b an arrow and u a path. Then q a u and ub are non-zero byn
Ž . n Ž .hypothesis. Let a s s q for 1 F i F n. Then [ P a is the projectivei i iis1
Ž .cover of M w . Let K be the kernal of the canonical epimorphism from
n Ž . Ž .[ P a to M w . If a is not the start-point of a binomial relation,i nis1
Ž .then it is easy to see that the string module M u is a direct summand of
K, which is not projective since ub is non-zero. Thus the projective
Ž .dimension of M w is greater than one.
Assume now that a is the start-point of a binomial relation. It isn
Ž .necessarily of the form p u , q a u¤ , where u is a nontrivial path andn n n n n
¤ is a path such that u¤ is nontrivial, since q a u is non-zero and q a isn n n n
a string by hypothesis. If n ) 1 or n s 1 with u of length greater than1
Ž .one, then M w is of projective dimension greater than one by Lemma 2.2.
Ž .Suppose that n s 1 and u is an arrow. Then K s M u¤ . If u is trivial,1 1
Ž . y1then K s M ¤ , which is not projective since ¤ b is a string. If u is1 1
Ž .nontrivial, then ¤ is trivial since ub , u¤ are non-zero. Thus K s M u ,1 1
which is not projective since ub is non-zero. Therefore the projective
Ž .dimension of M w is greater than one. The proof is completed.
2.4. LEMMA. Let A s kQrI be a special biserial algebra. Let
w s py1q ??? py1q1 1 n n
Ž .be a string in Q, I , where n ) 1, and the p and the q are paths which arei j
nontri¤ial for 1 - i F n, 1 F j - n. If there is a non-zero path p such that for
some 1 - r F n, both q p and p p are zero paths, then the projecti¤ery1 r
Ž .dimension of M w is greater than one.
Ž . n Ž .Proof. For each 1 F i F n, let a s s p . Then [ P a is the pro-i i iis1
Ž .jective cover of M w . Let K be the kernel of the canonical epimorphism
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n Ž . Ž .from [ P a to M w . Let p be a non-zero path such that q p andi ry1is1
p p are zero paths for some 1 - r F n. We may assume that p is ofr
minimal length with respect to this property. Write p s ua , where a is an
arrow and u is a path. Then either q u or p u is non-zero by thery1 r
minimality of p.
Suppose that a is the start-point of a binomial relation. It is necessar-ry1
Ž .ily of the form p u , q ¤ with u , ¤ being some non-trivialry1 ry1 ry1 ry1 ry1 ry1
Ž .paths. If r ) 2 or r s 2 with u of length greater than one, then M w isry1
of projective dimension greater than one by Lemma 2.2. Assume now that
r s 2 and u is an arrow. Since p is a non-zero path and q p is a zero1 1
path, it is easy to see that ¤y1 p is a reduced walk. Moreover a is not the1 2
start-point of a binomial relation since p ¤ and p p are both zero paths.2 1 2
If p u is a zero path, then q u is non-zero with u nontrivial, which is2 1
impossible. Therefore p u is non-zero, and hence p u is a string ending in2 2
Ž y1 .a deep. It is now easy to see that M ¤ u is a direct summand of K. Note1
Ž y1 . Ž .that M ¤ u is not projective since ua s p is non-zero. Therefore M w1
is of projective dimension greater than one. Using a symmetric argument,
Ž .one can show that M w is of projective dimension greater than one if as
is the start-point of a binomial relation.
Suppose now that neither a nor a is the start-point of a binomialsy1 s
relation. We may assume that p u is non-zero. Let ¤ be the path such thats
Ž y1 .q ¤ is a string ending in a deep. Then M ¤ u is a direct summand ofsy1
Ž y1 .K. Note that M ¤ u is not projective since ua is non-zero. Therefore
Ž .M w is of a projective dimension greater than one. The proof is com-
pleted.
We shall now find some necessary conditions for a string module to be
of projective dimension greater than one.
2.5. LEMMA. Let A s kQrI be a special biserial algebra. Let
w s py1q ??? py1q1 1 n n
Ž .be a string in Q, I , where n G 1, and the p and the q are paths which arei j
Ž .nontri¤ial for 1 - i F n and 1 F j F n. If the projecti¤e dimension of M w
is greater than one, then one of the following cases occurs:
Ž . y1PD1 There is a path p with initial arrow a such that a w is a
reduced walk without zero-relations and p p admits a zero-relation contain-1
ing p.
Ž .PD2 There is a path q with initial arrow b such that wb is a reduced
walk without zero-relations and q q admits a zero-relation containing q.n
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Ž .PD3 There is a non-zero path u such that for some 1 - s F n, both
q u and p u are zero paths.sy1 s
Ž . Ž .PD4 Some s p with 1 F r F n is the start-point of a binomialr
relation.
Proof. Assume that none of the stated cases occurs. We shall show that
Ž . Ž .the projective dimension of M w is less than two. Let a s s p , b si i i
Ž . Ž .e p for 1 F i F n, and let b s e q . Then the projective cover ofi nq1 n
Ž . n Ž .M w is [ P a . Let K be the kernel of the canonical epimorphismiis1
n Ž . Ž .from [ P a to M w . It suffices to show that K is projective.iis1
Ž .We fix some more notations. Since PD4 does not occur, a is not thei
start-point of a binomial relation for all 1 F i F n. Denote by u , ¤ thei i
paths such that uy1 py1q ¤ is a string starting and ending in a deep. Theni i i i
Ž . Ž y1 y1 .P a s M u p q ¤ for all 1 F i F r. For each 1 - i F r, b is not thei i i i i i
Ž . y1start-point of a binomial relation since PD3 does not occur. Thus ¤ uiy1 i
Ž .is a string, which starts and ends in a deep since PD3 does not occur.
Ž y1 . Ž .Therefore M ¤ u s P b for all 1 - i F n.iy1 i i
Define K s 0 if u is trivial. Otherwise write u s a u with a an1 1 1 1 0 1
Ž .arrow and u a path, and define K s M u . Note that p a is non-zero.0 1 0 1 1
Ž . Ž .Since PD1 does not occur, s u is not the start-point of a binomial0
relation and u is a string starting and ending in a deep. Thus K s0 1
Ž Ž ..P s u is projective. Similarly define K s 0 if ¤ is trivial. Otherwise0 nq1 n
write ¤ s a ¤ with a an arrow and ¤ a path. Define K sn nq1 nq1 nq1 nq1 nq1
Ž . Ž Ž .. Ž .M ¤ , which is, in fact, P s ¤ since PD2 does not occur. Now bynq1 nq1
computing the dimension of modules, we see that
0 “ K [n M ¤y1 u [ K “ [n P a “ M w “ 0Ž . Ž .Ž .1 iy1 i nq1 iis2 is1
r Ž y1 .is a short exact sequence in mod A. Thus K s K [ M ¤ u [ K1 iy1 i rq1is2
is projective. The proof is completed.
For the convenience of the reader, we state explicitly the dual result
concerning the injective dimension of string modules.
2.6. LEMMA. Let A s kQrI be a special biserial algebra. Let
w s qy1 py1 ??? q py11 1 n n
be a string, where n G 1, and the q and the p are paths which are nontri¤iali j
Ž .for 1 - i F n and 1 F j - n. If the injecti¤e dimension of M w is greater
than one, then one of the following cases occurs:
Ž .ID1 There is a path q with terminal arrow a such that a w is a
reduced walk without zero-relations and qq admits a zero-relation contain-1
ing q.
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Ž . y1ID2 There is a path p with terminal arrow b such that wb is a
reduced walk without zero-relations and pp admits a zero-relation contain-n
ing p.
Ž .ID3 There is a non-zero path u such that for some 1 - s F n, both
up and uq are zero paths.sy1 s
Ž . Ž .ID4 Some e q with 1 F r F n is the end-point of a binomialr
relation.
We conclude this section by considering the projective dimension of the
band modules.
2.7. LEMMA. Let A s kQrI be a special biserial algebra. Let
w s p qy1 ??? p qy11 1 n n
be a band, where n G 1, and the p and the q are nontri¤ial paths such thati i
Ž . Ž .s p s s q . Let N be a band module of support w. If N has projecti¤e1 n
dimension greater than one, then one of the following cases occurs:
Ž . Ž .1 Some s p with 1 F r F n is the start-point of a binomial relation.r
Ž .2 There is a non-zero path u such that both q u and p u are zero pathsr r
for some 1 F r F n.
Proof. Assume that the projective dimension of N is greater than one.
Ž Ž . .Then Hom D A , N / 0 since N is invariant under the Auslander]Re-A
w Ž .xiten translation 15 2.4 . Let a be a vertex such that there is a non-zero
Ž .map g from I a to N. Suppose first that a is the end-point of a binomial
Ž . Ž . Ž . Ž .relation p, q . Then I a s P b is projective, where b s s p . Thus b
Ž .appears in w, in some q with 1 F r F n. If b s s q , then the first caser r
occurs. Otherwise q s u ¤ , where u is a nontrivial path and ¤ is a pathr r r r r
Ž . Ž .such that e u s s ¤ s b. Then we may assume that ¤ is a properr r r
Ž .subpath of p. Write p s ¤ ¤ with ¤ a nontrivial path such that s ¤ sr
Ž . Ž .e ¤ s e p . Then p ¤ is a zero path since p , ¤ are both nontrivial.r r r r
Moreover q ¤ s u p is a zero path since u is nontrivial, that is the secondr r r
case occurs.
Suppose now that a is not the end-point of a binomial relation, then
Ž . Ž y1 . y1I a s M pq , where p, q are paths such that pq is a string starting
Ž .and ending on a peak. Note that g factors through the socle-factor of I a .
w Ž .xUsing the same argument in the proof of 10, 2.4 , one can show that
Ž .there is a proper subpath ¤ of p or q which is also a proper subpath of
Ž .some p or g with 1 F s F n so that p s ¤u and p s u ¤ , where u , us s 1 s 2 1 2
are some nontrivial paths. Then p u s u p is a zero path since u iss 1 2 2
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nontrivial. Moreover q u is also a zero path. In fact if ¤ is nontrivial, thens 1
q u is a zero path since ¤u s p is non-zero; and otherwise q u s q p iss 1 1 s 1 s
a zero path since p is a string starting on a peak. This completes the proof.
3. GLOBAL DIMENSION
In this section, we shall apply our previous results to study the combina-
torial interpretation of some behaviour of the global dimension of a
special biserial algebra.
We shall first find the necessary conditions for a special biserial algebra
to be of global dimension at most two.
3.1. LEMMA. Let A s kQrI be a special biserial algebra of global dimen-
Ž . Ž .sion at most two. Let a pb , g qd be a binomial relation of Q, I , where
a , b , g , d are some arrows and p, q are some paths. If u is a non-zero path
Ž . Ž .with e u s s p , then either ua p or ug q is non-zero. Dually if ¤ is a
Ž . Ž .non-zero path with s ¤ s e p , then either pb ¤ or qd ¤ is non-zero.
y1 y1 Ž y1 y1.Proof. Note that pbd q is a string such that M pbd q is the
Ž .radical of the indecomposable projective module at s a . If there is a
non-zero path ¤ such that pb ¤ and qd ¤ are both zero paths. Then by
Ž y1 y1.Lemma 2.4, the projective dimension of M pbd q is greater than one.
Ž .Hence the projective dimension of the simple module at s p is greater
than two, which is a contradiction. Dually one can show that there is no
non-zero path u such that ua p and ug q are both zero paths. The proof is
completed.
3.2. LEMMA. Let A s kQrI be a special biserial algebra of global dimen-
Ž .sion at most two. Then the start-point of a binomial relation of Q, I does not
lie in a different binomial relation.
Proof. Assume, on the contrary, that there are two distinct binomial
Ž . Ž . Ž . Ž .relations p , q and p , q such that a s s p g q . Let a s s p .1 1 2 2 2 2 1 1 1
Then a / a . Write p s a u , q s b ¤¤ , where a , b are arrows and2 1 1 1 1 1 1 1 1 1
Ž . Ž . Ž . Ž y1 y1.u , ¤ , ¤ are paths with e ¤ s s ¤ s a . Then rad P a s M u ¤ ¤ .1 1 1 2 1 1 1
Ž y1 y1.We shall show that M u ¤ ¤ is of projective dimension greater than1 1
one, which will lead to a desired contradiction.
We claim that ¤ is a proper subpath of p or q . In fact, suppose that1 2 2
¤ is nontrivial. Then we may assume that the initial arrow a of p is1 2 2
contained in ¤ . Now ¤ and p are two non-zero paths having the same1 1 2
initial arrow a . Thus one of ¤ , p is contained in the other. Note that ¤2 1 2 1
is a string while p is not. Thus ¤ is a proper subpath of p . Write2 1 2
p s ¤ u with u a nontrivial path. Then u u is a zero path. If ¤ is2 1 1
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Ž .nontrivial, then ¤¤ u s ¤p is a zero path. It follows now from Lemma1 2
Ž y1 y1.2.4 that the projective dimension of M u ¤ ¤ is greater than one. If ¤1 1
Ž y1 y1. Ž y1 .is trivial, then M u ¤ ¤ s M u ¤ . By Lemma 2.2, the projective1 1 1 1
Ž y1 .dimension of M u ¤ is greater than one. This completes the proof.1 1
3.3. LEMMA. Let A s kQrI be a special biserial algebra of global dimen-
sion at most two. Then there is no path in Q of the form p p p , where1 2 3
p , p , p are nontri¤ial paths such that p is a string and p p , p p are the1 2 3 2 1 2 2 3
only zero-relations contained in the path.
Proof. Assume that the lemma was false. Then there is a path a a ???1 2
a , where a : a “ a is an arrow, containing exactly two zero-relationsn i iy1 i
a ??? a , a ??? a with 1 - r F s - n and a string a ??? a .1 s r n r s
Ž .Suppose first that a is the start-point of a binomial relation p, q . Let0
q be the path such that a ??? a s a q a . Then p s g u, q s a q ¤ ,1 1 s 1 1 s 1 1
Ž y1 y1.where g is an arrow and u, ¤ are some paths. Now M u¤ q s1
Ž . Ž y1 y1.rad P a . We shall show that the projective dimension M u¤ q is0 1
greater than one, which will lead to a desired contradiction. In fact, if ¤ is
nontrivial, then q is trivial since q a and q ¤ are both non-zero. Hence1 1 s 1
Ž y1 y1. Ž y1 .s s r s 2, and M u¤ q s M u¤ . Note that a ??? a is a zero-rela-1 2 t
tion and u¤y1a is a string. By Lemma 2.3, the projective dimension of2
Ž y1 .M u¤ is greater than one. If ¤ is trivial, then q is nontrivial and1
Ž y1 y1. Ž y1 .M u¤ q s M uq . Note that ua is a zero path since q a is1 1 s 1 s
non-zero. Therefore ua ??? a and q a ??? a s a ??? a are both zeros n 1 s n 2 n
Ž y1 .paths. By Lemma 2.4, the projective dimension of M uq is greater than
one.
Suppose now that a is not the start-point of a binomial relation. Let q0 2
Ž .be the path such that a ??? a s q a . Then q is a string, and P a1 ry1 2 ry1 2 0
Ž .is the projective cover of M q . Let q be the path such that a ??? a s2 3 r s
Ž . Ž .q a . Then M q is a direct summand of the first syzygy of M q . Now3 s 3 2
a ??? a is a path such that q a ??? a s a ??? a is a zero-relation ands n 3 s n r n
q a s a ??? a is a string by hypothesis. By Lemma 2.3, the projective3 s r s
Ž . Ž .dimension of M q is greater than one, and hence that of M q is3 2
greater than two, which is again a contradiction. This completes the proof.
We are now able to get a combinatorial characterization of the special
biserial algebras of global dimension at most two.
3.4. THEOREM. Let A s kQrI be a special biserial algebra. Then the
Ž .global dimension of A is at most two if and only if Q, I satisfies the
following properties:
Ž .GD1 The start-point of a binomial relation does not lie in a different
binomial relation.
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Ž .GD2 There is no path of the form p p p , where p , p , p are1 2 3 1 2 3
nontri¤ial paths such that p is a string and p p , p p are the only2 1 2 2 3
zero-relations contained in the path.
Ž . Ž .GD3 Let a pb , g qd be a binomial relation, where a , b , g , d are
Ž . Ž .some arrows and p, q are some paths. If u is a non-zero path with e u s s a ,
then either ua p or ug q is non-zero. Dually if ¤ is a non-zero path with
Ž . Ž .s ¤ s e b , then either pb ¤ or qd ¤ is non-zero.
Ž .Proof. We need only to prove the sufficiency. Assume that Q, I
Ž . Ž . Ž .satisfies GD1 , GD2 , and GD3 . Let a be a vertex of Q, and let
Ž .K s rad P a . We shall show that the projective dimension of K is at most
one. This will complete the proof.
Ž .Assume first that a is the start-point of a binomial relation a q , bq ,1 2
where a , b are some arrows and q , q are some nontrivial paths. Then1 2
Ž y1 . y1K s M q q . We shall verify that the string q q satisfies none of1 2 1 2
Ž . Ž . Ž . Ž .PD1 , PD2 , PD3 , or PD4 as stated in Lemma 2.5. In fact it follows
Ž . Ž . Ž . Ž .easily from GD2 that PD1 or PD2 does not occur. Moreover PD3
Ž . Ž . Ž .does not occur by GD3 . Finally PD4 does not occur by GD1 . There-
fore the projective dimension of K is at most one in this case.
Assume now that a is not the start-point of a binomial relation. Suppose
that K is of projective dimension greater than one. Then there is a
nontrivial path u s a ??? a s a u , where a : a “ a is an arrow1 1 r 1 2 i iy1 i
Ž .and u is a path, such that a s a and M u is a direct summand of K.2 0 2
Ž .Hence M u is of projective dimension greater than one. By Lemma 2.5,2
Ž . Ž . Ž . Ž .one of the cases PD1 , PD2 , or PD4 occurs. Now PD1 does not occur
Ž . Ž .by GD2 . If PD4 occurs, that is a is the start-point of a binomial1
Ž .relation b ¤ , u ¤ , where b is an arrow and ¤ , ¤ are nontrivial paths1 1 2 2 1 1 2
since u is a string. Note that a b is a zero-relation, and a ??? a b2 1 1 1 r 2
Ž .with b the initial arrow of ¤ is a zero path. By GD3 , ¤ is an arrow.2 2 2
Ž . Ž .This implies that M ¤ is the first syzygy of M u , and hence not1 2
projective. So there is an arrow r such that either ry1 ¤ is a reduced walk1
or ¤ r is a non-zero path. In the first case, b r is a zero-relation, which is1 1
Ž .contrary to GD2 shown by the path a b r. In the second case ¤ r is a1 1 2
zero-relation. Note that u ¤ is also a zero-relation. This leads also to a1 2
Ž .contradiction to GD2 since ¤ is an arrow.2
Otherwise a is not the start-point of a binomial relation, and there is a1
path a u , where a is an arrow and u is a nontrivial path, such thatrq1 3 rq1 3
u a is non-zero and u a u contains a zero-relation a ??? a u2 rq1 2 rq1 3 s rq1 3
with 1 - s F r q 1. Note that a ??? a a ??? a is also a zero-rela-1 sy1 s rq1
Ž .tion. By GD2 , the non-zero path a ??? a is not string. Thus a ???s rq1 s
a is a maximal subpath of a binomial relation. Hence s ) 2 since a isrq1 1
not the start-point of a binomial relation. Therefore a ??? a ??? a s2 s rq1
u a is a zero path, which is a contradiction. The proof is completed.2 rq1
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4. MAIN RESULT
In this final section, we shall obtain our promised combinatorial criteria
for deciding if a special biserial algebra which is not a string algebra is
tilted or not. Note that such a special biserial algebra admits a indecom-
posable projective-injective module. Hence it is tilted if and only if it is
w xquasi-tilted 2 . Recall that an algebra A is quasi-tilted if its global
dimension is at most two and each indecomposable module is either of
w xprojective dimension at most one or of injective dimension at most one 7 .
In order to formulate our main result, we need the following concept.
4.1. DEFINITION. Let A s kQrI be a special biserial algebra. A re-
duced walk w in Q is called a sequential pair of zero-relations if
Ž .1 w s p p p , where the p are nontrivial paths such that p p1 2 3 i 1 2
and p p are the only zero-relations contained in w; or2 3
Ž .2 w s pw q, where w is a string and p, q are paths which are the1 1
only zero-relations contained in w.
EXAMPLE. Consider the special biserial algebra given by the quiver
bound by the relations ba y dg , dm, and rg . Then dmcy1fy1rg is a
sequential pair of zero-relations, while rgay1by1dm is not.
Remark. Let A s kQrI be a special biserial algebra. It is easy to
verify that each path with more than one zero-relation contains a sequen-
tial pair of zero-relations, and so does a reduced walk of the form pwq,
where w is a string and p, q are some zero paths.
4.2. LEMMA. Let A s kQrI be a special biserial algebra of global dimen-
sion two. If there is a string module of projecti¤e and injecti¤e dimensions both
Ž .equal to two, then Q, I admits a sequential pair of zero-relations.
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Ž . Ž . Ž . Ž .Proof. Note first that Q, I satisfies GD1 , GD2 , and GD3 as
Ž .stated in Theorem 3.4. Let w be a string such that M w has projective
and injective dimensions both equal to two. We shall find a sequential pair
Ž .of zero-relations in Q, I .
We first consider the case where w s « is a trivial path at a vertex a.
y1 y1 Ž . Ž .Then w s « « s «« . By Lemma 2.5, either PD1 or PD4 occurs, and
Ž . Ž . Ž .by Lemma 2.6, either ID1 or ID4 occurs. Assume that PD1 occurs;
Ž .that is there is a zero-relation p with initial arrow such that s a s a. If
Ž . Ž .ID1 occurs, then there is a zero-relation q with e q s a. Thus qp is a
Ž .sequential pair of zero-relations. If ID4 occurs, then there is a binomial
Ž .relation ub , ¤g , where u, ¤ are some paths and b , g are some arrows
Ž .such that e a s a. Then either ba or ga is a zero-relation, which is a
Ž . Ž . Ž .contradiction to GD2 . Dually PD4 and ID1 cannot both occur. Finally
Ž . Ž . Ž .PD4 and ID4 cannot both occur by GD1 .
Suppose now that w is nontrivial. Write w s py1q ??? q py1q , where1 1 ry1 n n
n G 1, the p and the q are paths which are nontrivial for 1 - i F n andi j
1 F j - n. We shall consider only the case where p is nontrivial and q is1 n
trivial, since the other cases can be treated similarly. In this situation, we
y1 y1 Ž .have w s q p q ??? q p with q the trivial path at e p . By0 1 1 ny1 n 0 1
Ž .Lemma 2.5, one of the cases PDi with 1 F i F 4 occurs, and by Lemma
Ž .2.6, one of the cases IDi with 1 F i F 4 occurs. We shall complete the
proof by considering separately the following cases.
Ž . Ž .1 Case PD1 occurs; that is there is a path p with initial arrow a0 1
Ž .such that p p is a zero path while p a is non-zero. If ID1 occurs, then1 0 1 1
Ž . Ž .there is a zero-relation with terminal arrow b such that e b s e p s0 0 1
Ž .s a . Now b a is a zero-relation since p is nontrivial and p a is1 0 1 1 1 1
Ž . Ž .non-zero. Thus b p gives rise to a contradiction to GD2 . If e p is the0 1
Ž .end-point of a binomial relation, then it is of the form u , ¤ p with0 0 1
u , ¤ some nontrivial paths. Note that ¤ p a is a zero path. Thus0 0 0 1 1
¤ p p contains two distinct zero-relations since p a is non-zero, and0 1 0 1 1
hence a sequential pair of zero-relations. In all other cases, observing that
p is nontrivial for all 1 F i F n, it is easy to verify that there is a path ui r
Ž . y1such that u p is a zero path for some 1 F r F n. Thus u p q ???r r r r ry1
y1Ž .q p p contains a sequential pair of zero-relations.1 1 0
Ž . Ž .2 Case PD2 occurs; that is there is a zero-relation q withnq1
y1 Ž .initial arrow a such that p a is a reduced walk. If ID2 occurs, ornq1 n nq1
Ž .e p is the end-point of a binomial relations, then there is an arrow bn nq1
such that b p is a non-zero path. Thus b a is a zero-relation.nq1 n nq1 nq1
Ž .Then b q gives rise to a contradiction to GD2 . In all other cases,nq1 nq1
observing that the q with 0 - i - n are nontrivial, it is easy to verify thati
there is a path ¤ such that ¤ q is a zero path and ¤ q py1 is a reduceds s s s s sq1
TILTED SPECIAL BISERIAL ALGEBRAS 695
Ž . y1 y1Ž .walk for some 0 F s - n. Thus ¤ q p ??? p q contains a se-s s sq1 n nq1
quential pair of zero-relations.
Ž . Ž .3 Case PD3 occurs; that is for some 1 - s F n, there is a non-zero
Ž .path u such that p u and q u are both zero paths. Note that e p iss s s sy1 s s
Ž .not the end-point of a binomial relation by GD3 , moreover, the q withi
0 - i - s and the p with s F i F n are nontrivial. It is easy to verify thati
Ž .each of IDi with 1 F i F 4 implies that either for some 0 F r - s, there
is a path ¤ such that ¤ q is a zero path and ¤ q py1 is a reduced walk; orr r r r r rq1
for some s F t F n, there is a path ¤ such that ¤ p is a zero path. In thet t t
Ž . y1 y1 Ž .first case ¤ q p ??? p q u contains a sequential pair of zero-re-r r rq1 sy1 sy1 s
Ž . y1 y1Ž .lations. In the second case, ¤ p q ??? q p u contains a sequentialt t ty1 s s s
pair of zero-relations.
Ž . Ž .4 The vertex s p is the start-point of a binomial relation1
Ž . Ž .p u , q ¤ , where u , ¤ are some nontrivial paths. If ID1 occurs, then1 1 1 1 1 1
there is a zero path ¤ with terminal arrow b such that b py1 is a0 0 0 1
reduced walk. Then b g is a zero-relation, where g is the initial arrow0 1 1
Ž . Ž .of u . Now y g gives rise to a contradiction GD2 . If ID2 occurs, then1 0 1
there is path y with terminal arrow b such that y p is a zero path whilen n n n
b p is non-zero. If n s 1, then b p u is a zero path. Therefore y p un n 1 1 1 1 1 1
contains two distinct zero-relations since b p is a non-zero path, and1 1
hence a sequential pair of zero-relations. If n ) 1, then p ¤ is a zero2 1
Ž . y1 y1Ž .path. Thus y p q ??? q p ¤ contains a sequential pair of zero-re-n n ny1 3 2 1
Ž . Ž .lations. Note now that e p and e q are not end-points of binomial1 1
Ž . Ž . Ž .relations by GD1 and there is no non-zero path y such that e y s s p1
Ž . Ž .and yp and yq are both zero paths. If ID3 or ID4 occurs, then it is1 1
easy to see that n ) 1 and for some 2 F r F n, there is a path ¤ such thatr
Ž . y1 y1Ž .¤ p is a zero path. Therefore ¤ p q ??? q p ¤ contains a sequen-r r r r ry1 3 2 1
tial pair of zero-relations.
Ž . Ž .5 Assume that n ) 1 and s p is the start-point of a binomialn
Ž . Ž .relation p u , ¤ , where u , ¤ are some nontrivial paths. If ID2 occurs,n n n n n
then there is a nontrivial path y with terminal arrow b such that y p isn n n n
a zero path while b p is non-zero. Note that b p u is a zero path. Thusn n n n n
y p u contains two distinct zero-relations since b p is non-zero, andn n n n n
Ž .hence a sequential pair of zero-relations. Note that e p is not then
end-point of a binomial relation. Thus in all other cases, there is a
non-zero path y such that y q is a zero path and y q py1 is a reduceds s s s s sq1
walk for some 0 F s - n. Note that q u is a zero path. Thusny1 n
Ž . y1 y1 Ž .y q p ??? p q u contains a sequential pair of zero-relations.s s sq1 ny1 ny1 n
Ž . Ž .6 Assume that n ) 1 and some s p with 1 - s - n is the start-s
Ž .point of a binomial relation p u , q ¤ , where u , ¤ are some nontrivials s s s s s
Ž . Ž .paths. Note that e q and e q are not end-points of binomial relationssy1 s
Ž . Ž .by GD1 . It is then easy to check that each of the IDi with 1 F i F 4
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implies that either for some 0 F r - s there is a nontrivial path y suchr
that y q is a zero path and y q py1 is a reduced walk; or for somer r r r rq1
s - t F n, there is a nontrivial path y such that y p is a zero path. Notet t t
Ž . y1that q u , p ¤ are both zero paths. Thus in the first case, y q psy1 s sq1 s r r rq1
y1 Ž .??? p q u contains a sequential pair of zero-relations. Similarly insy1 sy1 s
Ž . y1 y1 Ž .the second case, y p q ??? q p ¤ contains a sequential pair oft t ty1 sq1 sq1 s
zero-relations. The proof is now completed.
4.3. LEMMA. Let A s kQrI be a special biserial algebra of global dimen-
sion two. If there is a band module of projecti¤e and injecti¤e dimensions both
Ž .equal to two, then Q, I admits a sequential pair of zero-relations.
Ž . Ž . Ž . Ž .Proof. First Q, I satisfies GD1 , GD2 , and GD3 as stated in
Theorem 3.4. Let w s p qy1 ??? p qy1 be a band, where n G 1, the p and1 1 n n i
Ž . Ž .the q are nontrivial paths such that s p s s q . Let N be a bandi 1 n
module of support w such that N is of projective and injective dimensions
both equal to two. Define p s p , p s 1 and q s q , q s 1. By0 n nq1 0 n nq1
Ž .Lemma 2.7, either some s p with 1 F r F n is the start-point of ar
Ž .binomial relation q q, p p or there is a path u such that p u andry1 r s s s
q u are both zero paths for some 1 F s F n. By the dual of Lemma 2.7,s s
Ž .either some e q with 1 F m F n is the end-point of a binomial relationm
Ž .up , ¤q or there is a path ¤ such that ¤ p and ¤ q are both zerom m t t t t ty1
paths for some 1 F t F n.
Ž .Suppose first that the binomial relation q q, p p with 1 F r F nry1 r
exists. Then p q, q p are both zero paths. If the binomial relationry1 r
Ž . Ž .up , ¤q with 1 F m F n exists, then m / r y 1 and m / r by GD1 .m m
Ž . y1Note that ¤p and uq are both zero paths. Thus ¤p q ???mq 1 my1 mq1 mq1
y1 Ž .q p q contains a sequential pair of zero-relations provided thatry2 ry1
Ž . y1 y1 Ž .m - r y 1 and uq p ??? p q p contains a sequential pair ofmy 1 my1 rq1 r
zero-relations provided that m ) r. If the path ¤ exists such that ¤ p andi t t
Ž .¤ q are both zero paths for some 1 F t F n, then t / r by GD3 . Thust ty1
Ž . y1 y1 Ž .¤ p q ??? q p q contains a sequential pair of zero-relations ift t tq1 ry1 ry1
Ž . y1 y1 Ž .t - r and ¤ q p ??? p q p contains a sequential pair of zero-re-t ty1 ty1 rq1 r
lations if t ) r.
Suppose now that the path u exists such that p u and q u are boths s s s s
Ž .zero paths for some 1 F s F n. If the binomial relation up , ¤q withm m
Ž .1 F m F n exists, then m / s by GD3 . Note that ¤p and uq aremq 1 my1
Ž . y1 y1 Ž .both zero paths. Thus ¤p q ??? q p u contains a sequentialmq 1 mq1 sy1 s s
Ž . y1 y1 Ž .pair of zero-relations provided that m - s and uq p ??? p q umy 1 my1 sq1 s s
contains a sequential pair of zero-relations provided that m ) s. If the
path ¤ exists such that ¤ p and ¤ q are both zero paths for somet t t t ty1
Ž . y1 y1 Ž .1 F t F n, then ¤ p q ??? q p u contains a sequential pair oft t t sy1 s s
Ž . y1 y1 Ž .zero-relations if t F s; and otherwise ¤ q p ??? p q u contains at ty1 ty2 sq1 s s
sequential pair of zero-relations. This completes the proof.
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We are now able to obtain our main result as follows.
4.4. THEOREM. Let A s kQrI be a special biserial algebra which is not a
Ž .string algebra. Then A is tilted if and only if Q, I satisfies the following:
Ž .1 There is no sequential pair of zero-relations.
Ž .2 The start-point of a binomial relation does not lie in a different
binomial relation.
Ž . Ž .3 Let a pb , g qd be a binomial relation, where a , b , g , d are some
Ž . Ž .arrows and p, q are some paths. If u is a non-zero path with e u s s a , then
Ž . Ž .either ua p or ug q is non-zero. Dually if ¤ is a non-zero path with s ¤ s e b ,
then either pb ¤ or qd ¤ is non-zero.
Proof. Since A is not a string algebra, there is at least one indecompos-
able projective]injective module. Thus it follows from a result of Coelho
w xand Skowronski 2 that A is tilted if and only if A is quasi-tilted. We shallÂ
Ž .show that A is quasi-tilted if and only if Q, I satisfies the conditions as
stated in the theorem.
Ž . Ž . Ž . Ž .Assume first that Q, I satisfies 1 , 2 , and 3 . By Theorem 3.4, the
global dimension of A is at most two. Let M be an indecomposable
module in mod A which is not projective]injective. Then M is either a
string module or a band module by Theorem 1.4. It follows now from
Lemmas 4.2 and 4.3 that M is either of projective dimension at most one
or of injective dimension at most one. Therefore A is quasi-tilted.
Conversely assume that A is quasi-tilted. In particular the global dimen-
Ž . Ž . Ž .sion of A is at most two. By Theorem 3.4, Q, I satisfies 2 and 3 .
Ž .Assume, on the contrary, that Q, I admits a sequential pair of zero-rela-
tions w. If w s p p p , where p , p , p are nontrivial paths and p pÄ Ä 1 2 3 1 2 3 1 2
Ž .and p p are the only zero-relations contained in w. By Theorem 3.4. 2 ,Ä2 3
Ž .p is not a string. Then there is a binomial relation a ua , p , where2 1 2 2
a , a are arrows and u is a path. Let b be the terminal arrow of p and1 2 1 1 1
let b be the initial arrow of p . Then b a , a b are zero-relations.3 3 1 1 2 3
Therefore b a ua b is a sequential pair of zero-relations with u a1 1 2 3 1
string.
Thus we may assume that w is of the form w s pwq, where w is a stringÄ Ä
and p, q are paths which are the only zero-relations contained in w. WeÄ
may further assume that w is such that w is of minimal length. Let a beÄ
the terminal arrow of p and let b be the initial arrow of q. We claim that
a w and wb are strings. In fact, we write w s py1q ??? py1q , where the1 1 n n
p and the q are paths which are nontrivial for 1 - i F n and 1 F j F n.i j
Note that wb s py1q ??? py1q b is a reduced walk without zero-rela-1 1 n n
tions. Suppose that wb is not a string. Then q b is a maximal subpath ofn
Ž .a binomial relation, which is necessarily of the form p g u , q b , wheren n n
g is an arrow and u is a path. If n s 1, then ag is a zero-relation. Then
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path p g gives rise to a contradiction to Lemma 3.3. Thus n ) 1; hence p1 n
and q are nontrivial. Write q s ¤ d , where ¤ is a path and dny1 ny1 ny1 ny1
is an arrow. Then dg is a zero-relation. Let w s py1q ??? py1 ¤ .1 1 1 ny1 ny1
Then w is a proper substring of w such that p w dg is a sequential pair1 1 1
of zero-relation. This contradicts the minimality of the length of w. Thus
wb is a string, and so is a w by duality. It follows now from Lemma 2.3 and
Ž .its dual that the string module M w is of projective and injective dimen-
sions both greater than one, which is a desired contradiction. The proof is
completed.
EXAMPLE. Consider the algebra defined by the bound quiver
where the relations are rc , af, rh, gbm, and all possible paths ab as
well as all possible differences rf y ah. This is a special biserial algebra
Ž . Ž . Ž .satisfying the conditions 1 , 2 , and 3 as stated in Theorem 4.4. Thus it
is a tilted algebra.
w xCombining our main result in 10 with Theorem 4.4, we obtain a
complete characterization of tilted special biserial algebras in terms of
bound quivers.
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We conclude the paper with some comments on the module category of
a tilted special biserial algebra A s kQrI. In fact one can easily deduce its
Ž .Auslander]Reiten quiver G from the bound quiver Q, I . To be moreA
Ž .precise, assume that I / 0 and Q, I has r q s full bound subquivers
Äisomorphic to some A , where r of them have an arrow entering and s ofn
Žthem have an arrow leaving. Note that the arrows attached to such a full
.bound subquiver either all enter or all leave . Then G consists of r q sA
pairwise orthogonal standard tubular families, r preprojective components,
s preinjective components, and a unique connecting component. The
connecting component is preprojective if and only if r s 0 and it is
preinjective if and only if s s 0. As a consequence A is of finite represen-
Ž .tation type if and only if Q, I does not contain any full bound subquiver
Äisomorphic to some A .n
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